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ANALYTICAL DEVELOPMENT OF FRESNEL'S OPTICAL 
THEORY OF CRYSTALS. 


[Philosophical Magazine, x1. (1837), pp. 461—469, 537—541 ; 
XII. (1838), pp. 73—83, 341—345.] 


THE following is, I believe, the first successful attempt to obtain the 
full development of Fresnel’s Theory of Crystals by direct geometrical 
methods. Hitherto little has been done beyond finding and investigating 
the properties of the wave surface, a subject certainly curious and interesting, 
but not of chief importance for ordinary practical purposes. Mr Kelland, 
in a most valuable contribution to the Cambridge Philosophical Transactions*, 
has incidentally obtained the difference of the squares of the velocities of a 
plane front in terms of the angles made by it with the optic axes. I have 
obtained each of the velocities separately, and in a form precisely the same 
for biaxal as for uniaxal crystals. 


I have also assigned in my last proposition the place of the lines of 
vibration in terms of the like quantities, and that in a shape remarkably 
convenient for determining the p/ane of polarization when the ray is given. 
For at first sight there appears to be some ambiguity in selecting which of 
the two lines of vibration is to be chosen when the front is known. If p be 
the perpendicular from the centre of the surface of elasticity let fall upon 
the front, 4, t the angles made by the front with the optic planes, &, e, the 
angles between its due line of vibration and the optic axes, I have shown that 


b-p sin s) gj b -—p» sin ty 
ce a=, S5 ae aT ey geek 2), 
so that all doubt is completely removed. The equation preparatory to 
obtaining the wave surface is found in Prop. 6 by common algebra, without 


any use of the properties of maxima and minima, and various other curious 
relations are discussed. 


Without the most careful attention to preserve pure symmetry, the 
expressions could never have been reduced to their present simple forms, 


* See Lond. and Edinb. Phil. Mag. Vol. x. p. 336. 
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2 Analytical Development of [1 


ANALYTICAL REDUCTION OF FRESNEL’S OPTICAL THEORY OF CRYSTALS. 


Index of Contents. — 


In Proposition 1, a plane front within a crystal being given, the two lines 
of vibration are investigated. ; 


In Proposition 2 it is shown that the product of the cosines of the inclina- 
tions of one of the axes of elasticity to the two lines of vibration, is to the 
same for either other axis of elasticity in a constant ratio for the same crystal; 
and the two lines of vibration are proved to be perpendicular to each other. 


In Proposition 3, a line of vibration being given, the front to which it 
belongs is determined; and it is proved that there is only one such, and 
consequently any line of vibration has but one other line conjugate to it. 


In Proposition 4, certain relations are instituted between the positions of, 
and velocities due to, conjugate lines. 


In Proposition 5, the angles made by the front with the planes of 
elasticity are found in terms of the velocities only. 


In Proposition 6, the above is reversed. 


In Proposition 7, the position of the planes in which the two velocities 
are equal (viz. the optic planes) is determined. 


In Proposition 8, the position of a front in respect to the optic axes is 
expressed in terms of the velocities. 


In Proposition 9, the problem is reversed, and it is shown that if v, v, 
be the two normal velocities with which any front can move perpendicular 
to itself, and 4, t, the angles which it makes with the optic planes, then 


e Lathy? + t\? 
v? = a? (sin 2 4c (cos ee) : 
er =] Af 22] 
Us a (sin à + c^ | cos à ; 
In the 10th the angle made by a line of vibration with the axes ot 


elastieity is expressed in terms of the two velocities of the front to which it 
belongs. 


In the 11th Proposition the velocity due to any line of vibration is ex- 
pressed in terms of the angles which it makes with the optic axes, viz. 


v! — b? = (a? — c?) cos e cos e. 
In the 12th Proposition e, e, are separately expressed in terms of 4, ts. 


In the Appendix I have given the polar or rather radio-angular equation 
to the wave surface, from which the celebrated proposition of the ray flows as 
an immediate consequence. 
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PROPOSITION 1. 


If la + my +nz=0 (a) 
be the equation to a given front, to determine the lines of vibration therein. 


It is clear that it æ, y, z be any point in one of these lines, the force 
acting on a particle placed there when resolved into the plane must tend to 
the centre. Consequently the line of force at æ, y, z must meet the perpen- 
dicular drawn upon the front from the origin. Now the equation to this 


perpendicular is 
EXT i 
LOW sn ) 
and the forces acting at x, y, z are av, by, cz parallel to a, y, z, so that the 
equation to the line of force is 


X-s Y-y Z-z 


d by o cec (2) 
From (2) we obtain 
by X — waY = (b — a°) wy (3) 
zY — byZ=(¢ — b)yz (4) 
wal — zX —(a*— c?)za. (5) 


Hence 
(b — a?) ayn + (@ — b) yzl + (a? — c") zam 
= by (nX —1Z) + ez (LY — mX) + aa (mZ — nY); 
but by equations (1) 
lZ — nX 20, mX —1Y=0, nY—mZ=0 
therefore ! A 
C A a 70)7 =O. | (b) 
Also we have 
ne+le+my=0 -— (a) 
therefore 
(B —a) n + (à — b) B+ nl G - ie) e (i — a) =) = (a? — c) m 
or 
(E-W) (5) + e b) ba) i (i — e) m] e Q6) = 0. 


And in like manner interchanging 5, y, m with c, z, n 


w- e) (FJ + (ey B+ (e — at) ne — (e - yw] e (6 — 0) = 0. 
1—2 
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Hence if (2 j 2 bs 2) be the two systems of values of d Z , then 


Tı €, By" 0s 


(roer Geek: 2-2) 


are the two lines of vibration required. 


PROPOSITION 2. 


By last proposition it appears that 


hija as c? ET. a? 
Aa a (c) 
z RYE 
and A et (d) 
therefore 
WwYat Ae cC-U 4 
PT MODE? MP a 
therefore 


Lila + YY + 212 = 0. 
And therefore the two lines of vibration are perpendicular to each other. 


N.B. Equations (c) and (d) must not be overlooked. 


PROPOSITION 3. 


A line of vibration is given (that is 2. 2 are given) and, the position of 
1 1 
the front is to be determined. — 


Let læ + my + nz=0 be the front required, then la, + my, +nz,=0, and 
l m n 
N Su EVE 2—050)—2z0. 
( dris aao ria din 0 
Eliminating n we get 
| Ar MIDI ATI en ÉL tr AVAE, 
Q S-o) 2) +m ((a p) A (e—a) 2) x 
therefore 
l T Vy (a? a b?) y? 2r (e pire a?) 2 
m y (P—c)z?—(a -—b)as? 


23 2, a? ( c, + y a 2; =e (a? 4 & 43 sk d 
A b? (e 4- Yi + £3) hz P (a*a,? i b? 2 4- pie z 
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If now we make w+ y+ 2°? =1 
aa? + by? -+ cz? = w? 


and therefore 
l c, @—v? 
m 1 : b? es) vo? 


and in like manner 
1 a? qe v, f 
Zz ; e -— e? : 


therefore 
(a? — v?) zc + (P — v?) yy + (C2 — v7) 2.2 = 0 


is the equation required. 


PROPOSITION 4. 


Lm. having each only one value, shows that only one front corresponds 


to the given line of vibration. Let a, yo, 2, v; correspond to a, Yı, 21, V for 
the conjugate line of vibration, then the equation to the front may be 
expressed likewise by 
(a? — v) ev + (b — v9) yoy + (0 — v?) zz = 0, 
so that 
(à—w)zs (b—w)y (c—-w)a 
(a? mye v3) Xo (b? 3 vs?) Yz RA (c i v3) Zo i 


PROPOSITION 5. 


To find œ, $, Nr, the angles made by the front with the planes of elasticity 
in terms of vw, V2. 


By the last proposition 


2 2X2 2 
eon RR on NE SEAT om ES 
( ) (a? EL 02) e? 4- (b ey a sh? +. (ct wA vry z? 


a (a? — v?) (a? — v?) au, 
(a? — v?) (a? — v?) mw + (0 — v?) (b — v?) yy + (€ — v?) (C — v?) 2123 


Now, by Proposition 2, 
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therefore (cos w)? 


(a? PAR vê) (a? x v) (e sd b» 
7 (uy E) U — uf — 02) a= 9) + C=) CIP) 


(a? — v?) (a? — v?) (C — 6?) 
~ as (c — b) + bt (a? — c) + é (a? — 0?) 
_ (@— ve) (a? — v?) 


= Ga) @ =e)" 


Similarly, 
qu (b bu v?) (b TEN v?) 
(cos 6) — Gat) (8 — e) ' 


(e eU v4?) (c rM v.) 


(cos y} pi (quar voces c 


PROPOSITION 6. 


To find v, v, in terms of c, p, 4. 


By the last proposition 


1 


eh o a te Ap aR Olin 
av (@—b)(a@—c) ^ (a 
(cos p} p 


dos b?) (a? En c 


1 


Fou F=a Fe)" =a Ge) 


(cosy)? _ e 


I 


e-u (é-b9ye-a) " (e-a)(e-b) 


therefore 
(cos qu (cos (cosg) | (cos cos yy — 


a? — v? LA ry pat" Cc — v? 


Just in the same way 


(cos e) q (cos (cos $)! (cos)? — 


a — vè M EE Faa e — v? 


so that v,?, v? are the two roots of the equation 


-— 0, 


(cos œ)? 4 (cos ey q Cos hr)? Lij 


a? rubr T p — ea 


Cor. Hence the equation to the wave surface may be obtained by making 


(cos w) a + (cos $) y + (cos) z — v, 
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or if we please to apply Prop. 5, we may make 
(a? — v’) (à? — vg) Ww) a 2v! (b — v) (P — v) 
(a? — b?) (a? — e?) ey” (b: — a?) (bb — e) ' 


(o—w)(eo-w),- 
(e — a?) (e — b?) ` hmi 
or, if we please *, 
(aw — 1) (a? — v?) (o (bu — 1) (b? —»?) 
VA (à —b)(a—o) "tA Ga) (Pe) 7 


(cw — 1) (e — v?) 


+ (c — a?) (£ — b?) 2=1, 
PROPOSITION 7. 
To find when v, =v. 
By Prop. 4, 
Ly (v — a?) ai GaN" or 70). ey? — 0 (8) 


a (w)— a?) wvy,(và —bD) 24 (0,2 — e) 


Hence when v, = v, we have, generally speaking, 


LUN.) UNE. 
XZ Yo Zə 
Now Lila + Vila + 22, — 0; 


therefore m? + y? + 2 would — 0, which is absurd. 


The only case therefore when v, can — v, is when one of those terms of 


, 0 
equation (0) becomes 0: : thus suppose v, — b, then we have z -5-2, and 
2 2 
we can no longer infer LE 
X. Y 


Let now (wi, d;, Jr) (vs, $2, W2) be the two systems of values which w, ¢, 
yy assume when v, = v, = b, then applying the equation of Prop. 5 we have 


qa? — b a? — b? 
COS @, = Se COS 0, = iil ie 
cos $, = 0 cos ġa = 0 


D — œ a —-e 
cos yr, = rmm cos Yr, = aei. 
so that b must correspond to the mean axis. 


[* See below, p. 27. Ep.] 
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PROPOSITION 8. 


l, ta being the angles made by the front with the optic planes, to hn 
tı, ta in terms of wi, Vo. 


By analytical geometry 


COS 4 = COS w . COS œ, + Cos $ . COS d, + cos Yr. cos Yr, 


(v? — a?) (v? — a?) a? — b? 


(a?-—b*)(a@—c) “VV æ- e 


+ V Qc.  Je-U 


(à — a?) (e — b) `N e—a 
A ((v? — a?) (v? — 2 + /{(v,? — e) (v? — e» 


=- 
and similarly 


COS ly = COS w . COS @ + COS $ . COS h, + cos YP. cos Yr, 


- V (Qu? -—ü p a = a?) — Vu? — e) (v? — e) 
a— c 


PROPOSITION 9. 
To find v, v, in terms of ti; ty. 
By the last proposition 


2 .. n? Qi ie CLE 3:58 2. 2 
COS 4 . COS zc BON e d) o Od o 


(a? im chy 

iy (as =)= (a? — c) (vg? + vg) 
(a? u^ c? ^ 

— (8+ 0) - Q? + a) 

d (d? — c?) 

therefore 
v? + vy? = a? + c? — (a? — c?) cos u COS ty. 
Again, (sin 4). (sin t) = 1 — (cos 4)? — (cos t} + (cos 4)? (cos uy? 


-qg =) w-d) + (v2 — e) (v? — e 


(a? zs chy 
hi (a? + c? — 2 (a? + c?) (v? + v?) + (v? + v? 
NU USA cien 


"TT 20,70? + vs 


ey (a? — oc)? 
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therefore 

v? — v? = (a? — c?) sina . sinu 
but vj? + v = (a? + c?) — (a? — c?) COS i COS by 
therefore 


(oC g6g-—e 
v = mad 
1 


2 2 


COS (t + t2) 


2 
=q? (sin ae) 4c (cos 


ia ae 
2 2 


v = 


COS (i — to) 


. Umh? L — 
=q? (sin - 2) +e (cos = 


2 
Thus for uniaxal crystals where 4, + t = 180° 


$9? = a? 


v; = a? (cos t} + c? (sin t. 


Cor. Hence we may reduce the discovery of the two fronts into which 


a plane front is refracted on enter- 
ing a crystal to the following trigo- 
nometrical problem. 


Let a sphere be described about 
any point in the line in which the 
air front intersects the plane of in- 
cidence. Let the great circle PI 
denote the latter plane, JF the 
former, OA, OC also great circles, 
the planes of single velocity. Sup- 
pose JGH to be one of the refracted 
fronts intersecting OA, OC in G and H, then 


The double sign will give rise to two positions of the refracted front IGH. 


useful. 


(a+ c*)—(a?—c*)cos(G+H) _ (sin PIF? 
2 (vel. in air} ~ (sin PIGHy' 


The propositions which follow are perhaps more curious than immediately 
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PROPOSITION 10. 
To determine the portion of a line of vibration in terms of the two 
velocities of its corresponding front. 
We have here to determine the quantities a, = (of Prop. 1) in terms of 
. 1 1 
V, Va, or on putting m? + y+ z?—1, 2%, Yı, z; are to be found in terms of v, v. 
By Prop. 3 | 
. LI LEO . m LI n 
Mihi ual d ui a và 
and by Prop. 5 
2? :m?:n?::(b?—c?) (a? — 0,7) (a? —v) 
:(c? — a?) (b? — v?) (b? — v?) 
: (a? — b) (e — v?) (c° — v2); 


therefore a : y? : 2? 


a? — vj b — v? 
aUe ok ge 3 (e — a’) pg : (a? — b?) 


v 
Let a, 8, y be the angles made by the given line of vibration with the 
elastic axes, then 
x? 


= (b=) (a v?) (È — vi) (& — w) 


(cos a)? = 


divided by 
(b? — c) (a? — v?) (P — v?) (C — v?) + (e — a?) (P — v?) (C — v?) (a? — v?) 
+ (a? LS b?) (e! EN v3) (a? Ht vy?) (b? da v?) 
and therefore 
| (8 — c) (@ — v) (B — v»)(e-—v) 
rat (v, di vy) (a? ma b?) (b? zm c?) (c ai a?) 


(where it is to be observed that the reduction of the denominator is simply 
the effect of a vast heap of terms disappearing under the influence of 
contact with the magic circuit (a? — b°), (b? — c?), (œ — a?), a simpler instance 
of which was seen in Proposition 5). 


In fact the coefficient of vt. v? 
= (b — c?) + (€ — a?) + (a? — b?) 
=0 
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1] 


that of v? . Ya = (c? + b?) . (£ — b?) 


+ (a? +e). (a? — c?) 

+ (b + a?) . (0? — a?) 
= (ct — bt) + (at — c") + (bt — a4) 
oh 
The term in which neither v, nor v, enters 
= abe {(b? — c?) + (c — a?) + (a? — 05) 
= 0. 


The coefficient of 
— v? =a. (bt — ct) + b. (ct — at) +e . (a* — bt) 


and that of 
v? = bo. (c — D?) + ea. (a? — c?) + ab. (b — a?) 
each of which 
= (a —b».(b — c).(e-— a). 
Hence 
vi — b? (a? x vy?) (c M v?) 


in EAEN 
(cos a} = "Ope t oa 
in like manner (cos 8) = &c. 
d wt e or te (at onn 
an (cos y) vy? ms vg . (2 E b») (ci "s a?) 4 


PROPOSITION 11. 


€, € being the angles between any line of vibration and the optic axes, 
required the velocity due to that line in terms of &, €. 
By analytical geometry, 
COS €; = COS a. COS d, + cos y . COS Ar, 
COS €, = COS &. COS Qı — COS y . COS Yr 
COS €; . COS €; = (cos a)? (cos h} — (cos y)? (cos y} 


therefore 
QU -U. (@— v). (c — và) — (6 —v?).(a* — v?) 
vj cug V? " (a? JR ey 
oy puo up e v9) 
v2 — v (a? — ey : 
b — v? 
Hence v =}? — (a? — c?) cos e, COS &, 


and in like manner, for the conjugate line of vibration 
v2 = b? — (a? — c?) cos ej cos ej. 
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PROPOSITION 12. 
To find e, e, in terms of t, to. 
(cos 6}? + (cos €} = 2 (cos a)’. (cos ,) + 2 (cos y} . (cos 4, 


er v — b? ((a? — v?) . (€ — v?) + (e — v2). (a? — o) 
vt — Ue? ( q?— ey 


but by Prop. 9 


2 2 
V? = a? (sin zm Tc (cos 2) 


eo T dM by — tM? 
Uy = @? (sin E +e (cos 2) 
therefore 


b? — y? 
2 MERED DRE o 
Succ ii ath (a? — c?) sin 4. sin i 


ty + uM . by — uM tza . 4 + &\? 
(cos 9 ) (sin EC ) + (cos 3 (sin 3 l 


p b? = v? 
(a? — c?) sin 4 . sin by 


multiplied by 


2 (a? — eF 


{(sin 4)? + (sin a] 


and we have seen that 


ae b? nas a? 
COS €, COS €; = "ym 
therefore 
Db — vê) sinasin 
COS €; + COS e, = =). SS 
a—c/ /(sing. sin) 
n d p — 2) sin 4 — SiN ty 
S €, — COS €, = ——. ).————Á—A 
^ A a? — è) ` (sina. sinfe) 
therefore 


b? ex v2 sin by 
a? —c* ' sin v, 
b? — v? sin ty 
aà?—c'snu 


b — v? sini 
a?—c* ` sin 


b? — v? sni 
a?—c ` siny 


where v, v; for the sake of neatness are left wnewpressed in terms of n, ts. 


and in like manner 
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This is the simplest form by which the position of the lines of vibration 
can be denoted. 
Con. From the last proposition it appears that 


cose, sing 
cose, SiN ty 


Hence we may construct geometrically for the two planes of polarization. 


Let I, K be the projections of p 
the two optic axes on a sphere, Æ 
the projection of the normal to the 
front, P the projection of one line 
of vibration ; then 


cos PK  sinKE 
cos PI -sm IE" 


Draw FEG the circle of which 
P is the pole, meeting PK, PI pro- 
duced in G and F. 


Then cos PK = sin KG, 


and cos PI = sin IF, 
therefore 

sin KG _sin KE 

sin FI sin ZE Fig. 2. 
therefore 


sin KG _ sin IF 


sin KE sinJE 


therefore 
sin KEG = sin IEF 


therefore KHG=IEF or 180°- IEF. But PHF=PEG, therefore EP bisects 
either the angle ZEK or the supplement to it. 


These two positions of HP give the two planes of polarization. The 
construction is the same as that given in Mr Airy’s tracts, and originally 
proposed, I believe, by Mr MacCullagh. 


www.rcin.org.pl 


14 Analytical Development of [1 


ADDENDUM. 


If in the equation of Prop. 6, viz. 
(cos m. (cos $)? , (cos y} 
goo wae pa eee 


we change a, b, c, v into = ee ny E and consider v to be the length 


of a line drawn perpendicular to the plane 
cos o . t + cos . y - cos yr. 2 — 0, 
the equation to the extremity thereof must be 
a?r? (cos e, br? (cos $} | er? (cos yY 
a—r b—7 e-r 


where w, $, y denote the angles between the radius vector r, and the axes 
of æ, y, z, so that the equation may be written 
aa? py eig 


=r" br eus 


which is that of the wave surface. 


But we have seen that 


ss dt ies b ald +a? [sin (* Ex er ^ 


therefore the equation to the wave surface may be written 


by + &\? : zx) 
1 (cos 79 ) (sin IU 
0 ——————- u Á 


7 c? a 


E 


> 
is 


where 4, t denote the angles between the radius vector v T, di ha lines 
which would be the optic axes if a, b, c were changed into = - p — so that 


if e be the inclination of either to the mean axis of Sano). : 


j 1 
aj b 
ene DESI =54/ (E= a) 
a? c 
/ Low 
; poc 2— e 
egy IO -i/e a) 
a c 


These lines I shall call by way of distinction the prime radii*. 


* Upon the authority of Professor Airy I have appropriated the term optic axes to the lines 
normal to the fronts of single velocity. i 
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Cor. 1. Ifr,, r, be the two values of r corresponding to the same values 
of 4, ta we have 


en 2 2 
2-272 h 5 3 Ll (cos — 3! 
Ifi bros atay 
"s (in 5 ) sin 5 


Pv Annot 
= (5-3) sin lı. SIN lo, 


which proves the celebrated problem of two rays having a common direction 
in a crystal. 


Cor. 2. The intersection of any concentric sphere with the wave surface 
is found by making r constant. Hence : + t becomes constant, and there- 
fore ru + r& {= constant. Hence the curve of intersection is the locus of 
points, the sum or difference of whose distances from two poles when 
measured by the arcs of great circles is constant; the poles being the points 
in which the prime radii pierce the sphere. 


In three cases these spherico-ellipses or spherico-hyperbolas become great 
circles : 


(1) When «4 += the angle between the two poles, in which case the 
curve of intersection is the great circle which comprises the two poles. 


(2) When 4 —%=0, when the locus is a great circle perpendicular to 
the former and bisecting the angle between the optic axes. 


(3) When 4 += 180°, when the locus is a great circle perpendicular 


to the two above, and bisecting the supplemental angle between the two 
axes, 


Various other properties may be with the greatest simplicity deduced 
from the radio-angular equation. The hurry of the press leaves me time 
only to subjoin the following 


PROPOSITION. 


To find the inclination of the radius vector to the tangent plane, in terms of 
the angles which the radius vector makes with the prime radii. 

Let O be the centre of the wave surface, 0A, OB the two prime radii, 
OP any radius vector. Let OP=v, POA — 4, POB= ņ, and let the in- 
clination of the planes POA, POB—y; 


24 T 49 ; U + ts a 
(sin 2 ) (cos = Ey ) 


aaa aA m ; 


ign for the sake of brevity). 


then 


m b" 


(taking only the positive 
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Let OQ, OR be the two adjacent radii vectores, so assumed that 


QOA=POA, QOB=POB+5u, 
ROB=POB, R0A-POA 84, 


and let p, q, r, a, b be the projections of P, Q, R, A, B on 
a sphere of which O is the centre, then it is clear that 


gpa —90?, rpb=90°, 
draw qm perpendicular to pb, then pm = 95, and therefore 


E 1 MOLDE LL Md. 
PI Sin pgm sinapb sing 


Fig. 3. 
In like manner 
ji Ou 
pr sin m 

Now the angle QPO 

M -1 r.PO dp XM 

= tan "00 DES des : ; 

du lo 
also 
1 
LE d. 113 s x) (cos 2)! 
"IE ^ [o a?/ ^ 2 
MEC ne) ( Adat 
= n = 5) (sin 5 cos =g); 
therefore 
dr ae ee 
ee r? (5 w 5) sin (4 + t2), 
therefore 
r*/l TN ] 
eot QPO= Ag - 5) sin (4, + t) sin p. 


In like manner 


ees o px. ; 
cot RPO = T (s — x) sin (4 + t) Sin p, 
therefore 
QPO — RPO. 

o Also it is clear that rpg =apb=p. And 
to find the inclination of OP to RPQ, we have 
only to describe a sphere of which P is the 
centre, and intersecting PQ, PR, PO in Q, 
R9. 

d d Then R'O'Q = p, and 


0'Q' im O'R’ = cot e G — x) sin (ù + ti) sin 2 . 
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Draw O'N perpendicular to R'Q’, then O'N measures the inclination of 
the radius vector to the tangent plane*, 


And QON=5, 
therefore cos 5 — tan O'N . cot UQ, 
therefore cot O'N = got OE. 
cos ^ 


2 
and therefore 


cot ON = 4r. (= -— =) sin É. sin (a + t2). 


a 
Let A0B the angle between the optic axes — 2e, then by mere trigonometry 
^ by "T bo . [71 wo bg 
BOs sin (e+ 2 ) sin (e 5 ) 
Sin z = g g , 
2 Sin 4 . SID t 


therefore the tangent of the inclination between the radius vector and 


the normal 
. [71 TT bo . l T" Lo. 
sin (e + 5 ) sin (e XE m ) 


SIN 4 . SIN t 


=1/7 (m a) sin (ata). 


In like manner the tangent of the inclination between the same radius 
vector and the normal at the other point of the wave-surface pierced by it 


sin (e NS 3 * sin (e sl t) 


Sin 4 . Sin ly 


=4(n)'(4- 5) sin (a — ta). 


We may, in the same way, find the inclination of the tangent plane 
to either of the prime radii, and to the plane which contains them both, 
in terms of a and t; the former by a remarkably elegant construction ; 
but the final expressions do not present themselves under the same simple 
aspect. 


If we call @ the angle between the ray and the front, we may still 
further reduce by substituting for r? its values in terms of 4, t and we 
shall obtain 
2 (c — a?) 


cot d= 
$ 5 T t 


c tan —— 


A e of 


A Rs te A + 
x f {sin (e -+ xs) sin (e — E . COSEC 4, . cosec nl. 


* O’ is the projection of the ray and R'O' of the tangent plane. Therefore O'N being 
perpendicular to R'Q’ represents their inclination. 
8. À 2 
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And if m, v, be the inclinations of the normal to the two prime radii, 
it may be shown that 


COS T, = cos $ sin 4, F sin $ cos n sins à 


COS 7r; = COS Ó Sin «, + sin $ cos isin 


2 


Cor. 1. For uniaxal crystals 5 = 90° and += 180°, so that the 


tangent of the inclination of normal to radius vector 
ra DER EAN Tn 
=A. z T @) Sin 2« for one point, 
and = 0 for the other. 


Cor. 2. For every point in the circular section which passes through 


2 


Therefore every point in the three circular sections is an apse. 


the poles sin 0, and for the other two circular sections a + t= 0 or 180°. 


Cor. 3. When a nearly =c, PAL: is very small; and therefore the 
a ¢ 


normal and radius vector very nearly coincide. 


Cor. 4. Referring to fig. 4 we see that O'N bisects the angle R'O'Q'. 
Now R'O, Q'O are respectively perpendicular to the planes passing through 
O' and the optic axes; and therefore the meridian plane as we may term it, 
that is, the plane containing both the ray and the normal, always bisects 
the angle formed by the two planes drawn through the ray and the two 
optic axes. 


Cor. 5. When 
Hiort iQ; 


A OY ua 


which indicates that the extremities 


) 


And therefore ¢ assumes the form p 


of the four prime radii are singular points. 


In concluding for the present it behoves me to state that one step has 
been omitted in the foregoing paper*, viz. the actual performance of the 
eliminations which lead to the rectilinear equation to the wave-surface. 
But Mr Archibald Smith’s elegant and brief Memoir in the Cambridge 
Philosophical Transactionst of last year leaves nothing to be desired further 
on that head. 


[* See below, p. 27. Ep.] [t Vol. vı. Also Phil. Mag. April, 1838, p. 335. Ep,] 
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That I have not exhibited it in its proper place (Prop. 6) arises only from 
my respect to the principle of literary propriety. With this important blank 
supplied the Analytical Theory may be pronounced to be complete. 

For all errors and imperfections in what precedes my excuse must be 
press of time and a total want of the materials to be derived from consulting 
works of reference. 


Since writing the above I have had an opportunity of reading the paper of our 
living Laplace inserted as part of the Third Supplement to his System of Rays in 
the Transactions of the Royal Irish Academy, in which the principal foregoing 
results are obtained by aid of a more refined and transcendental analysis. 


The nature of the four singular points is there discussed and the existence of 
four circles of plane contact demonstrated. 


"The former may be very easily shown thus: when 4 is very small ų = 2e — 4, cos y 
very nearly, y denoting the inclination of the plane in which e is reckoned to the 


plane in which 1, is reckoned. 


Hence 


(5 +3)- Aes -5) ood cia (ee WE D 
= a(2*3)- de - 5) e0sde~ 5 (a 3) sin 2e (cos y + 1) u 
= Fe gaz Met - 0) (0 — e) (cos yt 1) u, 

r=bfl + 5 (cos 1) (1 hs 2) (3 3 D n). 


Take y constant and let the abscissæ and ordinates be reckoned respectively along 
and perpendicular to the prime ray. 


therefore 


Then = Z nearly, and. r= ,/(y? + a?) =a, 


or, if we change the origin to the other extremity of the prime ray, 
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Hence at each singular point the surface is touched by a cone, the equation to 
the generating line of which is given by the above, the extreme angle between it 


and the prime ray being l 
SAWEDE CERI, 


When b = a, y always =5 and the cone returns into a plane. 


Again, let us suppose that the position of any perpendicular from the centre 
is given, and that of the corresponding radius vector required. 

Let OA, OB* denote what we have termed the optic axes, but which it will be 
more agreeable to analogy to term the prime perpendiculars from centre, and let 
OP be the given normal. Take OQ, OR contiguous perpendiculars from centre 
in planes POQ, ROP, perpendicular to POA, POB respectively, then the inclination 
of the two former will be the same as that of the two latter, and may be 
termed p. 

Let u, & now denote the angles POA, POB respectively, then 

QOA =u, QOB =u + ĝt, 
ROA=4+8,, ROB-.. 

The ray will be found by joining O with the intersection of three planes drawn 

at P, Q, R, perpendicular to OP, OQ, OR, respectively. 


Now from Prop. 9 it appears that 


OP = d be (sin ey +e (cos me *) ] ; 


using only one sign for the sake of simplicity, which we may do by throwing the 
ambiguity upon the way in which ų or ų is measured, also 


L T 
d.0P 
par d , 0Q= OP + di, du, 
Q 
OR=0P+ GEk, 
4 


Let 8 = 8, then it is clear that OQ = OR, and 

the intersection of the two planes perpendicular to 

OQ, OR is therefore a line perpendicular to the 

5 plane QOR, and to the line which bisects the angle 


Fig. 5. QOR. 


In fact if we draw Q7, RT perpendicular to OQ, OR respectively in the plane 
QOR, the intersection in question passes through 7' and is perpendicular to O7'; 
also 


OT = 0Q. sec (4 ROQ) = OQ 
to the first order of smallness, 


* OA, OB are not expressed in the figure. 
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Now it is easy to see (just as on p. 16) that 


UPC NN 
sin y 
and also 
Gop =. 
sin u 


therefore ROP = QOP and therefore POT is perpendicular to QOR. 


| Hence the problem is reduced to finding Z the intersection of two lines ZZ, PL 
drawn in the same plane POT. 


Now because O7'L, OPL are each right angles, a circle may be made to pass 
through LZ, T, P, O. 


Hence the angle 
PLO= PTO - tan-i OP * POT 


OT—OP 
dt, 
iid OP x POR. costp | tin": od sin Tie in 
d.OP 5 T. d. OP 3 : 
du, ls du " 
and OL — OP .sec POL. 


Also the position of the plane POL is known, and therefore the radius is 
completely determined in magnitude and position. 


It may be worth while also to remark that the above constructions enable us 


to form a series of equations between the magnitude of the radius and its incli- 
nations to the two prime perpendiculars. 


In fact, if we call 7,, 7, the two inclinations in question 


cos m, = cos POL cos 4 +sin POL sin ų . sin E j 


cos m = cos POL cos u F sin POL sin &. sin T : 
and of course if we call the angle between the two prime normals 2 
sin (z + n) sin (£ ee 
sin ^ = ——————— 1 
2 sin 4 SiN ty j 


Cor. 1. When 4 or .=0, tan POL assumes the form 2 which may be 


interpreted analogously to the method used in the reverse problem, but may be 
more elegantly illustrated by 


Cor. 2. Which is that the meridian plane POT (that is, the plane in which 
both normal and radius lie) bisects the angle formed by ROP, QOP, and therefore 
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that formed by the planes drawn through the normal and the two prime normals 
to which these two are perpendicular. 


Now we have found (Cor. 4, page 18), that it also bisects the angle formed by 
the two planes passing through the 

T radius and the two prime radii. Hence 

when the ray is given, we may find 
by the easiest geometry the normal 
and the tangent plane, and vice versd. 


` Thus suppose (W, N^) (R, &’) to be 
the projections of the prime perpen- 
diculars and prime radii on a sphere 
concentric with the wave surface. 


M 
Fig. 6. 


Let n be the projection of any 
given perpendicular on the same 
sphere; join nN, nV’; bisect Nn N’ by nM, which will be the meridian plane. 


Draw from R’, R'7'V perpendicular to nM and make A'7' — TV. Produce RV 
to meet Mn in r, then RrM = R'rM, and 
therefore r is the projection of the radius. 
Just in the same way when r is given we 
may find n. 


E 


R T D Now suppose n to come to J, then 
" iP the position of the meridian plane nM 
mon becomes indeterminate, and r from a point 
becomes a locus, subject to the condition that A'rN = RrN. From r draw rD 
perpendicular to rN. 
Then it is clear that because rW bisects Ark’ 
sin RD sin kr sin RV 
sin A/D sink’? sin AN" 
and therefore D is a fixed point and VD a fixed length, and 
cos rND —-tan rN . cot VD; 
therefore the projection of the locus of r upon a plane drawn at JV perpendicular 
to the line joining JV with the centre O is given by the equation 
, p— ON .cot VD. cos 0, 


N being the origin and the projection of WD the prime radius; which is the 
equation to a circle passing through JV, and whose diameter = ON cot VD. 


Hence at the extremity of each prime perpendicular the tangent plane meets 
the surface in a circle passing through that extremity and whose radius = $6 cot a, 
a being to be found from the equation 

sin (27a) _ sin (Æ +e) 
sina  sin(Z-—e)' 


that is tan (E + a) = (tan E cot e. 
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Just in the same way it may be shown that the trace of the perpendiculars to 
the tangent planes of the surface at the point where it is pierced by any prime 
radius upon a plane perpendicular to that radius at its extremity, is also a circle 
passing through it, and curved in an opposite direction from the circle of plane 
contact nearest to it. 


Hence the enveloping cone at these points may be described as being perpen- 
dicular to the circular cone, formed by drawing lines from the centre to the above 
described circle; that is every generating line of the one will be perpendicular to 
the generating line which it meets of the other. i; 


More generally it easily appears from fig. 6 that if a series of great circles 
(representing meridian planes) be taken intersecting the great circle NAA'N' 
in a fixed point, a plane perpendicular to the radius passing through that 
point, will intersect the cone of rays as well as the cone of perpendiculars corre- 
sponding to those meridian planes, in two circles. So that there exist an indefinite 
number of circular cones of rays corresponding to circular cones of perpendiculars 
touching each other in a line lying in the plane containing the extreme axes, and 
having their circular sections perpendicular to that line. 


The cusps are explained by the cone of rays degenerating into a right line, and 
the circles of plane contact by the cone of perpendiculars so degenerating. 


Furthermore I observe in conclusion that when a ray is given it follows from 
the general geometrical construction above that there will be two meridian planes 
according as we take A with A’, or with a point 180° from KR’, and consequently 
these two planes will be perpendicular to each other. 


And similarly when a normal is given there will be two meridian planes per- 
pendieular to each other. 


Thus the planes passing through any radius and the two normals at the points 
where it pierces the wave surface, are perpendicular to each other, as are also the 
two planes passing through any normal and its two corresponding radii. 


Moreover a glance at fig. 2 will show that the two lines of vibration 
corresponding to any front lie respectively in the two meridian planes passing 
through the perpendicular to that front or, in other words, the intersection 
of a plane drawn through either ray belonging to a front perpendicular thereunto 
is always a line of vibration in that front. 


This has been noticed, I think, by Sir William Hamilton for the particular case 
of the singular points. 


As two fronts belong to every ray, so two rays pertain to every front. And 
from what has been said above it appears that the two lines of vibration in any 
front are the projections of its two rays upon its own plane. 
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Note 1. 


In the paper above, it is shown that the meridian plane, that is, 
the plane containing the ray and normal, always passes through a line 
of vibration in the corresponding point. Now the line of force called into 
action by a displacement in the line of vibration clearly lies in this very 
plane; for the resolved part of it lies in the line of vibration itself. 


Harmony and analogy concur in suggesting that as two of these four 
lines are perpendicular to each other, so are also the other two, or in 
other words, that the ray is always perpendicular to the direction of 
unresolved force. 


The following investigation verifies this conjecture. 


Let x, y, z be the coordinates of a point taken at distance unity from the 
origin and in any line of vibration; then the cosines of the angles made by 
the line of force with the axes are as as : b?y : cz respectively. 


Let a be the inclination between the line of vibration and the line of 
force, then 


PPP axr.e+by.ytoes.2 — aa+ by?+c% 
iind y (asa? p by? T cig?) (a? 4 y? ch 2?) + (ata? X b? "A cig?) ^ 
Let A (aa? + by? + ciz?) = P, 
then P? = vt (sec w). 


Now let a, 8, y be the angles of inclination between the coordinate 
planes and the front in which the line of vibration lies, and X some quantity 
to be determined. I have shown in Prop. 3 that if 


A cos a = (a? — v?) x, 
then will Acos B = (b? — v?) y, 
and ` cos y = (C? — v) Z; 
therefore A? = aa? + bty + ctz — w? (aa? + by? + C2) + vt = P? — v 
Again, 


, (cosa? , (cosB) , (cosy)?\ _ PE 
X Med (b — v} ay) +z = NE 


1 (cosa) , (cos8)? , (cosy)? 
therefore Pov @—vy Go (ae 
1 il 1 š 
AN P? — v vi(sec mper a i gà 
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And in Mr Smith’s investigation of the form of the wave surface (already 
alluded to*) by great good fortune I find ready to my hand 


(cosa)? . (cosf)? , (cosy? |. $1 
(a? p. vY (b? oat v)? (c? I v?) 5n v? (r? RE v?) ? 


r being the radius vector to the point whose tangent plane is parallel to 
the point in question. 


Hence 


p being the length of the perpendicular from the centre upon the tangent 
plane, for p=v. 


Hence (cot w} = the square of the cotangent of the angle between radius 
vector and normal. 


Or, in other words, the line of force is as much inclined to the line of 
vibration as the ray is to the normal. 


Now the normal is perpendicular to the line of vibration, and all four 
lines lie in one plane. 


Therefore the ray is perpendicular to the line of force. Q. E. D. 


I may be allowed to conclude this long paper with a summary of some of 
the most remarkable consequences which I have extricated from Fresnel's 
hypothesis. 


(1) The two meridian planes corresponding to any given radius are 
perpendicular to each other]. 


(2) So are the two corresponding to any given normal. 


(3) Every meridian plane bisects the angle formed by two planes drawn 
through the radius and the two prime radii. 


(4) It also bisects the angle formed by two planes drawn through the 
normal and the two prime normals. 


(5) Each meridian plane contains one line of vibration and the corre- 
sponding line of force. 


(6) The ray is perpendicular to the line of force. 


All these conclusions, except the fourth, are, I believe, original. 


* See above, p. 18. 


T I have defined the meridian plane to be that which contains radius vector and normal 
belonging to the same point. 
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The theory of external and internal conical refraction follows immediately 
as à particular consequence from the third and fourth combined as already 
shown; the same propositions also enable us to draw a tangent plane to any 
point of the wave surface by mere Euclidean geometry. May not some of 
these conclusions serve to suggest to physical inquirers the question, Has 
the theory been started from the most natural point of view? : 


Note 2. Znvestigation* of the Wave Surface. 


Since the appearance of the preceding parts, I have succeeded in com- 
pleting the self-sufficiency of my method by deducing the equation to the 
wave surface from the expressions given in Prop. 5 for the angles between 
a front and the principal planes in terms of its two velocities. If these 
angles be c, $, y, and the two velocities v,, v, we found 


COS w = Ja i yo a m v) 


(a? — b?) ( (a? zd c?) 
(b? — v,?) (0? — vg) 
ETE 
L| (=) (e — v?) 
UY TA (aee) 


Let the tangent plane to the wave surface be written 


ee ga Ey ony ml (t 
gossot goso cosy 
then et ae ae ee 

yay ae) : 
K LLIN : ed ah Tor 2-0. (7) 

Let “WW TED ZAE (e-5e-oj- a 
m ae n A ((0* — a?) (b — 6) = 5: 
aE e-e- -p 


* This investigation supplies the step which Mr Tovey was desirous should appear in the 


Magazine. [Phil. Mag. March, 1838, p. 261. Ep.] 
+ In lieu of v, we might write v, in the denominator without affecting the result. 


2 
(5 A 1) (a? x 
+ COs @ _ v s a 
Observe, that — Ta 85 (2-8) , and so on for the rest. 
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then equation (yy) becomes 


Aga + Bny + Coz — 0, (1) 
and equation (£) » P 
a? n p 
pibe a 2 z=0, 2 
E æ+ ) YT E Z (2) 
and equation (a) may be written under two forms, viz. 
(a? — v) A£a + (b — v?) Bny + (° — v?) C6z — 1, (3) 
d dh, Round dades P ob rA 
er acre irt itti e 
From (1) 
A £z + Bny = — Ctz. (5) 
From (2) 
xa re ua NBC ar (6) 
f n 4 
From (3) and (1) 
A (a? — e) £c + B (0 — c?) ny =1. (7) 
From (2) and (4) 
A (à -e)g BUA) i =e. (8) 


From (5) and (6) 
Cere- Bey — Aaa = ABey (e? + J l (9) 
From (7) and (8) 
è — B (b — ey -— A (a — e$ a = ABey ie e J x(aà—c)b-—c) (10) 
From (9) and (10) 
AB (a? — b?) (a? — c?) (è — e) ay = ac? — (a? — c») (b — e) ez 
-— fæ (b — ey — b (a? — e) (è — e) By 
— (à? (à? — y — a? (a? - e) (b c) Ata —ae—o2—o0y —aa. (11) 
From (11), interchanging (a, v, £) with (b, y, n) we have 
AB (b? — a?) (b — e) (à? — c?) syg = bo? — ee- Cat? — by. (12) 
Finally, from (11) and (12) we have 
(a?c? — (a? — c?) a? — e (a? + yt 2) (be — (0 — 8) y? — e (9 y! 2) 
= (a? — c) (b — °) ay’, 
that is (a? +o? + 2°) (aa? + by? + 22) — a? (B+) a? 


— b? (a? + e) y? — e (b +a) 2? + abe = 0 
the equation required. 
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